1. Statement of Results.-Schmidt' proved that for almost all real numbers a, the number of solutions in integers p, q of the inequalities |qa -p|<1/q and 1 qB is asymptotic to a constant times log B. One might conjecture that the classical numbers (e.g., algebraic numbers, e, 7r) behave like almost all numbers. Machine computations' were carried out for some of these numbers, and they seemed to bear out such a conjecture. Also, Lang3 has proved that the estimate is valid when a is a real quadratic irrationality.
In this paper, we shall obtain an asymptotic estimate for e, which shows that the conjecture for e is false. The machine computations of reference 1 are misleading because the range in which they are carried out, even though going to q < 106, is still too small to exhibit the proper asymptotic behavior.
The function 4zr(x + 3/2) is strictly monotone-increasing. Let G be its inverse function. An application of L'H6pital's rule shows that
Ad--,'O co log log x THEOREM 1. Let X1(B) be the number of solutions in integers p, q of the inequalities 1qe-pi < 1/q and 1 q < B. We note that if we let X1+(B) be the number of solutions in integers p, q of the inequalities 0 < qe -p < 1/q and 1 . q . B, then a trivial modification of the proof given below shows that Xi+ = 1/2X1, and similarly for X2+.
Theorems similar to these are true for any irrational number whose continued fraction expansion is similar to that of e. However, the notation is considerably more involved and so these extensions will be reserved for a later paper. Proof: We assume that a < p/q, the other case being proved in a similar manner. If p/q is not a convergent, then there exist two successive convergents P/Q and P'/Q' such that a < P/Q < p/q < P'/Q' and P'Q -PQ' = 1. Thus Proof: We first show that, with a finite number of exceptions, the only reduced fractions p/q satisfying e -p/ql < 1/q2 are the principal convergents. From this the formula for X2 is clear since the nth solution is simply Pn, qn.
By the lemma we know that any solution must be a convergent, so suppose that (Pn + rPn + i)/(qn + rqn + 1) with 0 . r < an + 2 is a solution. We wish to show thatr=0. If n=3m-2orn=3m-1,thenan+2= landsor=0. Thus, we may restrict our attention to the case where n = 3m. To say that this convergent is a solution simply means by (2) Furthermore, f(a3m + 2 -1) = (e3m + 2 -a3m + 2) (2 -a3m + 2 -q3m/q3m ±') + 1, and f(a3m + 2 -1) < 0 follows similarly.
We must now determine which multiples of the convergents Pn, qn are also solutions of (1). Again by (2) , with r = 0, this condition is equivalent to the condition If n = 3m -1 or n = 3m, then the condition implies k2 < 4, so k = 1 is the only possibility. If n = 3m -2, the condition amounts to k2 < 2m + 0(1), i.e., ii (1+4(2 +1)(2 1)). so q3. +I < .c24r(m + 3/2), where c2 is determined by the infinite product. To prove the theorems, we find to any given B the integer m such that q3m -2 < B < q3m + . Thus,
